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1. (10 pts) Let G be a group and let Z(G) be the center of G. Show that
if G/Z(G) is cyclic, then G is abelian.

2. (10 pts)

(a) Find the commutator subgroup of the group Sj.

(b) Show that the Klien four group {e, (12)(34), (13)(24), (14)(23) }
IS a normal subgroup of Aj. - '

3. (10 pts) Show that a group of order 72 is not simple.

4. (10 pts)

(a) Let R be the group of real numbers under addition and let R+
be the group of all positive real numbers under multiplication.
Show that the two groups R, R* are isomorphic.

(b) Show that the automorphism group of Z, is isomorphic to Zr,

where Z7, = {[t] € Z,, | (i,n) = 1} under multiplication modulo
n.

5. (10 pts) Let p be a prime number. If f(z) is an irreducible polynomial
of degree n in Zy[x|, show that there is a polynomial g(z) in Z,[z] such
that z¢" — z = f(z)g(x).

6. (18 pts) Prove or disprove each of the following statements.

(a) 1+ v/—19 is a prime element in Z[\/~19].
(b) Z[v/—19] is a unique factorization domain (UFD')‘
(c) If R is a principal ideal domain (PID), then R|z] is a PID.

7. (12 pts) Let R be a ring with 1, not necessarily commutative. Recall
that an element z in R is said to be nilpotent if z° = 0 for some
positive integer n. Moreover, a subset N of R is called nil if every
element in NV is nilpotent. Suppose that I and J are nil ideals of R.

(a) If M is an ideal of R such that I € M and M/I is a nil ideal of
R/I, show that M is nil.

(b) Is it true that I + J is nil? Explain your answer.




8. (20 pts) Let E C C be the splitting field of the polynomial f(z) = 22
over Q. Let a = V2, i = V—1.

(a) Prove that z* — 2 is irreducible over Q.
(b) Determine [E : Q).

(c) Show that there exists an element ¢ in G = Gal(E/Q) such that
oc(a) = ai and o(i) = —1.

(d) Suppose that H = (o) is the subgroup of G generated by ¢ and
let K ={z € E|h(zx) =x for all h € H} be the fixed field of H
in E. Find out K.




