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In the following, each problem awards 10 points.

Part I. Prove or disprove the following statements.

< L ,then {x } isa Cauchy sequence.

n

1. Let {x,,} be a sequence in R and X =X,

2. If limsupx =1,then x <1 for n large enough.

3. Let A and B be sets in a metric spaceand A and B be the closure of 4 and
B respectively, then AUB=A4UB.
4. Let S be a set with the discrete metric, then § 1s complete.

5. Every bounded and closed set in a metric space i1s compact.
6. Let f:R—Rbecontinuousand 4 beopenin R, then f(A4) isalsoopeninR.

7. Let f:R*—R be continuousand 4= {f(x): “x" =1},then A i1saclosed and

bounded interval.

8. Let f,(x)=x—x",then f, converges uniformly on [0,1].
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0. Let f(x)= Z x2 ,then f iscontinuouson [0,1].
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Part IL. Prove the following statements.

10. Let f,(x)=n’x"(1-x), then f, doesn’t converge uniformly on [0,1].

|
(Hint: Consider the integral | f, (x)dx.)
0 |

11.Let A beopeninR"and x+A={x+y:ye A},then x+A4 isalsoopeninR".
12.Let A and B are connected sets in a metric space and A\ B#¢,then AUB

is also connected.

13. Let f:[0,1]—R be continuous and one-to-one, then f 1Is either increasing or
decreasing.

14. Let A R be uncountable, then A has a limit (accumulation) point. (Hint:
Consider the set of rational numbers and assume by the contrary.)

15.Let A={(x,y)eR?:x*+y* =1}, then A iscompact and connected. (Hint:

Consider the mapping f(6) =e’.)




