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1. Please prove the following addition formulas for cosine and sine: (10%)
sin(a + B)=sina cos B +cosasin

| sin(a — B) =sina cos f—cosasin ff
cos(a + ) =cosacos f—sin sin f3
cos(a - f) = cosacos B+sinasinf
(Hint. You can use the linear transformation y=Ax with a rotation matrix A to derive
them.)

2. The derivative of a continuous function f{x) is defined by J '(x ) = e

I (x +Ax)—- fx
= Alxlglo ————“Zx")"“""('“) , VX . Please prove the derivatives of sin(x) and cos(x) are

sin'(x) = cos(x) and cos'(x) = - sin(x) , respectively. (10%)

3. Please find the curve through the point (2,4) in the xy-plane having the slope —y/x at

each point of the curve. (10%)

unknown function y(x) with the initial condltlon y(0)>=1. (1 0%)

cosd sin6

_ is given.
—sin@ cosé

5. A real square matrix A= \i

- (5a) Please determine the eigenvalues and eigenvectors of A. (10%)

(5b)ThJS matrix A is orthogonal. All orthogonal matrices have some specml properties,

e.g. ---

® orthogonality : please state the deﬁmtlon of an ortho gonal matrix and verify that A

‘isan orthogonal matrix. (5%)
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@ in?a.riance of inner product: An orthogonal transformation preserves the value of
the inner product of vectors. * What is an ortho gonal transformation? Please prove
it and verify that it hdlds for this matrixlA. (8%)

@ determinant of an orthogonal matrix: please compute the determinant of A and
prove that the determinant of an orthogonal matrix has the value +1 or -1. (8%)

6. Let R be a closed bounded region in the xy-plane whose boundary C consists of finitely

many smooth curves. Let Fi(x, y) and Fz(x, y) be functions that are continuous and have

continuous partial derivatives dF/dy and OF,/0x everywhere in some domain:

theorem in fhe plane. |
(6a) Please verify it for 'y = 6y, [2= 2x+ 2 and C the circle x* +y" = 1. (10%)
. | _ N .

(6b) After derivation, we have 4 = E ‘i(xd)’ - Yy ) This formula expresses the,
" area of R in terms of a line integral over the boundary. It has various applications,
_e.g. the theory of certain planimeters (instruments for measuring area)1 is based on

Lo o "
it. Please derive this formula 4 = "2"" ‘% (xdy P4 ) (12%)

(6¢c) Please prove that an ellipse -i—-,;- + -;—’5- = 1 has the area A=mab. (7%)




