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LINEAR ALGEBRA

(-1 1
letd= | 1 2| andSbe the subspace of R® spanned by the column vectors of 4.

L2 1

(a) " Find an orthonormal basis for S+ the orthogonal complement of S (3 points).
(b) LetP=ATA)'4",ifxe R andx g SU S+ show that Px € S (4 points).

2 Consider the inner product space C[0, 1] which is the set of all functions that have a continuous

first order derivative on [0, 1]. The mner product of two functions f{x) and g(x) is defined by

(7.8)= [ f@e@a.

() Usethe Gram—Schdet process to find an orthonormal basis E for the subspace S spanned

by the vectors 1 and x* (4 points).
(b) Find the best least squares appro:dmation to the function +/ X onthe interval [0, 1] by a
function in S (4 points). ' |
3" Define a linear transformation T from R’ to R’ as follows
) (-1 (o) Tt (i) [
Ti{0(t=] O ;T|L]|=| O pT|| O {|=|—2}
1) L) o) -y - ‘_IJ

“ (a) Find the matrix of the linear transformation T (3 points).
(b) Find a basis of the kernel of the transformation T (3 points).

. (T2}’ | 1 [1][1] .
(c) Find the coordinate vector of 11 with respect to the basis = ( RIERE ) (3 points).

(2] J Ll_r ,_oj_ 0]

(a) Consider a 3 x 2 matrix 4 and a 2 X 5 matrix B. How many possible dimensions of ker(4B)
‘L are there? What are they? You must justify your answers! (Note ker(4B) is the kernel of
matrix 4AB) (3 points). | |

(b) Define a linear transformation T from R***to R*Z by T(M) = M!:l 2 [l 2} As . Find a basis .
158 L7 01} [O1 |

of the.image of T with respect to the standard bas1s

1 olfo 11[0o o0}lf[0 O .
U= ! i » 3 points).
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Students A and B were asked to solve the eigenvalues of the same matrix M =

o o
N AL O
0 = 0O

_____
.....

Unfortunately, Student A mistook the value of d and obtained the eigenvalues 0, 1, and 3.
Student B mistook the value of e and obtained the eigenvalues 1, 1, and -2. Assume there
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were no other mistakes happened when they were solvmg the eigenvalues.
_ (a)  Find the value of @ (3 points).

(b)  Assume that the sum of correct eigenvalﬁes of M is 1. Find the correct values of d
and e (6 points). |

(c)  Findthe correct éigenvalues of M (3 points).

Find a singular value decomposition for the matrix M — (8 points).-

= = O
Qo

A

ZHBBMOTFIAIB F 28

B[
¥ >E. £ R




-
aaaaaaa

m*a.«:aj:%% 0T % 4 B4 + 3 % M A 2 2 4

P«
é;i‘ﬁ-ﬁizd ETK ﬁfr&i‘ T L L % X E,. #3 §

A s%f’t#?%u‘ AR ?%ﬂ(uﬁ%‘)ﬁz&%‘ zﬁﬁiﬂﬁ?xdéﬁ%‘ﬂm’ﬁa !

PO P
.....

P | T PR L T

s WG T b BT R i iy
2 it TR T L LR, R o T Rk e T -

TN U LR il ¢ % Forall T g
H - - o =

. = T DR O I .. z r An tpm
%\2 o ;1.:__. :L_ L5 _.,-'!': . o3 } S P Ty _¢1 o ¥ e o
. T1-~! ; E . PR e Y Y A ) U u -
S o e e L J AR ety

= &; BRI G P gl e g

. .,.:h_ e ; Al ” Tk

T A ST J =3 L T - .l"
r F “ r

i,

(a) John throws 3 balls randomly into 5 boxes. What is the probability that a
‘box contains at least 2 balls? (5 points)

(b) Let A and B be independent events with P(A)=2/3, P(B)"l/4 Find
P(A(1B)and P(AUB). (5 points)
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g‘ Let X and Y be two independent random variables with E(X)=2, E(Y)=1 and
Va:r(X)-—-B Var(Y)=5.

(@) Find EBX-2Y+4). (3 points)

(b)  Find Var(3X—2Y +4). 3 points)

(¢)  Find Cov(X+Y, X-Y). (6 points)
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(a) Fmd P(X >1). (3 points) :
() Find PX>2Y). (5 points)
~ (¢) Find P(min(X, Y)<1). (4 points)

{0 The grades for a certain exam are normally distributed with mean 68 and vanance
64. What percent of students get grades between 60 and 80. (Express your
 solution by using the standard normal distribution function ®.) (6 points)

Let X be a nonnegative random variable. Prove that for any t > 0,

P(X 2¢) < ﬂ?—) . (10 points)




