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Applied Mathematics
Show your calculation steps clearly.

. Problem 1 (20 points)

(1a) Write down the deﬁhition of a group. (~‘4 points)

(1b) Let U be a group element of the unitary group U(3, C) ( also
written as U(3) ) and define G by

| 00
U=exp[G] =} &

| !
n={ n:

write down a set of complete basis { T; } that spans the space of Lie
algebra 4(3,C). [Hint: G = N GiT:, VG € u(3,C) and G; € R. You
must answer N =? and list the properties of .| (~ 8 points)

(1c) For a set of nonabelian operators A, B, and C, [A,{B,C}] =
[{A,B}, C] — [B,{A,C}] is known as the Jacobi identity. Show that
there is another expression for the Jacobi identity : [A,{B,C}] =
{lA, B],C} +Y by expressing Y as similar linear combination of com-
mutators ([, |) end/or anticommutators ({ , }) of A, B, and C. [Hint:
Y must be derived.or be provided with a geometric (or statistical).
interpretation, not just writing it down out of your memory] (~ 8
| pomts)

Problem 2 (15 points)

Show that
O n 4
T = —
;0( ) 2n + 1

by integrating f; f(z)dz with a corresponding function f(z). [Hint:
f(z) must be derived from converting the series into an integral. 7
points if you derive a compact expression for f(z).| |

Problem 3 (10 points)

Let (1 = At .-gx¢ where g;’s are constants. Here N,n;>1. "

ilml nK|91
Assume there exist two constraints " n; = N and 3 ¢n; = E where

N and E are two constants. Show that n; = ¢;Ce P when Q is -

at & meximum (C and f are constants). (Hint: Use the equivalent
condition that In€2 is at a maximum. ln Nl 2 Nln N— N for large N.)
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Problem 4 (10 points)

(4a) For a contour map h = 0.001z2+0. 002y2, find the change of height
oh for the dlsplacement or=(2,1) at r=(2=100,y=300). (4 points)

(4b) Along what direction is the largest slope at this position? (3

points)

(4c) Show that Vh is always perpendlcular to the constant A contour.
(3 points)

Problem 5 (10 points)

(68) For N = ak’ and w = sin(bk) where a and b are constants, find

l————

&J-

(5b) If f (z)=3z+5 and g(z2-1)=f(z — 7), find the value of 9(6) (5

points each)
Problem 6 (35 points)

(6a) Discuss the analytic properties of the following functions in the

complex z-plane and, if they have singularities, state the nature of the

singularity (branch points, poles, etc) (12 points)

(6b) Use Cauchy’s theorem to evaluate the following contour integfal
where C is the circle (i) |z| = 2;(ii) |2| = 1. (12 points)

c(z — l)gdz

(6¢c) Use the method of Fourier transform to solve

d*y
=z —Y4=-0{1-lzl)
for —00 < z < 00, with y(z) - 0 and ¥ — 0 as |z| — co. Note that

' 1, forz >0
9(2:):{ 0, forz <0

is the Heaviside furiction. (11 points) -
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